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^ ! Abstract 

(^ • We consider the Nelson model with variable coefficients. Nelson models with vari- 

able coefficients arise when one replaces in the usual Nelson model the flat Minkowski 
metric by a static metric, allowing also the boson mass to depend on position. We 
study the removal of the ultraviolet cutoff. 

t 

■ ■■ • 1 The Nelson Hamiltonian with variable coefficients 
1.1 Introduction 



The Nelson model |Ne| describes a spinless nonrelativistic particle linearly coupled to a 
scalar bose field. After adding an ultraviolet (UV) cutoff, this model can be defined as 
a self-adjoint operator on some Hilbert space. In [Ne], E. Nelson was able to remove the 
UV cutoff and to define the Hamiltonian as a self-adjoint operator without UV cutoff on 
the original Hilbert space. 

We extend the Nelson model to the case with variable coefficients, which realizes the 
Nelson model defined on a static Lorentzian manifold. In a series of papers |GHPSlt 
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IGHPS2t IGHPS3| . we show the existence or absence of ground states of the variable co- 



efficients Nelson model H{p) with a certain UV cutoff p. In this paper we consider the 
removal of UV cutoff for variable coefficients Nelson models. Denoting by H*^ the Nel- 
son Hamiltonian H{p'^) for the cutoff function p'^(x) = k'^pIkx), we construct a particle 
potential E'^{X) such that H'^ — E'^{X) converge in strong resolvent sense to a bounded 
below selfadjoint operator H°°. The removal of the UV cutoff involves as in the constant 
coefficients case a sequence of unitary dressing operators If^. In contrary to the constant 
coefficients case, where all computations can be conveniently done in momentum space 
(after conjugation by Fourier transform), we have to use instead pseudodifferential calcu- 
lus. Some of the rather advanced facts on pseudodifferential calculus which we will need 
are recalled in Appendix [Al 

1.2 Notation 

We collect here some notation for reader's convenience. 

We denote by x G M'^ (resp. X G M^) the boson (resp. electron) position. As usual 
we set Dx = i'^V^, Dx = i~^Vx- If x G M'^, we set (x) = (1 + |xp)2. The domain of a 
linear operator A on some Hilbert space will be denoted by DomA, and its spectrum by 
cr{A). If [) is a Hilbert space, the bosonic Fock space over {) denoted by Ts{i)) is 



rs(t)) = 0«. 



n=0 

We denote by a*{h) and a{h) for /i G f) the creation operator and the annihilation operator, 
respectively, which acts on rs(f)). The (Segal) field operators (f){h) are defined as 

(1.1) ^(^h) = ^{a*{h) + a{h)). 

If /C is another Hilbert space and v G B{}C,IC ® f)), one defines the operators a*{v) and 
a{v) as unbounded operators on /C (g) Ts{i)) by 



a*{v) = ^n + l(ljc^ Sn+i) (v ® l^- „ 



a{v) = {a*{v))\ 
<l>{v) = ^{a*{v) + a{v)). 
If 6 is a selfadjoint operator on [) its second quantization dr(6) is defined as 



dVib) 




1 (g)6 (g) 1 (g) • • ■ (g) 1 . 



The number operator A^ is defined by the second quantization of the identity operator 1: 

A^ = dr(]l). 



The annihilation opeator and the creation operator satisfy the estimate: 
(1.2) ||a»(t;)(iV + l)-^|| < ||i;||, 

where ||t;|| is the norm of v in -B(/C, K,®^). 

1.3 Field Hamiltonian 

Let 

ho = — 2_. c(x)^^9ja-'^(x)9fcc(x)~\ 

l<j,k<d 

h =ho + m^(a;), 

with a^'', c, m are real functions and 

Coll < [a^\x)] < Cil, Co < c{x) < Ci, Co > 0, 
d^a^'^ix) e 0((x)-i), |a| < 1, 
9^c(x) G 0(1), |a| < 2, 
d^m{x) e 0(1), |a| < 1. 

Clearly h is selfadjoint on H'^(R^) and h > 0. The one-particle space is given by 

i) = L'^{R^,dx) 

and one-particle energy by the selfadjoint operator: 

cu = h^. 

It can be easily seen that 

(1) Kerw = {0}. 

(2) Assume in addition to (B) that Mrax^oo^^ix) = 0. Then ini a{u)) = 0. 

The field Hamiltonian is 

dr(a;), 

acting on the bosonic Fock space rs(f)). 

1.4 Electron Hamiltonian 

We define the electron Hamiltonian as 

K = Ko + W{X), 

where 

Ko= J2 Dx,A^\X)Dx,, 



acting on /C = L^(]R^, dX), and 

(E) Col < [A^\X)] < Cil, Co > 0. 

We assume that W{X) is a real potential such that Kq + W is essentially selfadjoint and 
bounded below. We denote by K the closure of Kq + W. 

1.5 Nelson Hamiltonian with variable coefficients 

The constant 

m = inf o"(ci;) > 

can be viewed as the mass of the scalar bosons. The Nelson Hamiltonian defined below 
will be called massive (resp. m,assless) if ?t2 > (resp. m = Q). Let p G ^(M^), with 
P > 0, g = /^3 p{y)dy ^ 0. We set 

px{x) = p{x- X) 

and define the UV cutoff scalar bose fields as 

(1.3) <^,(X) = 0(a;"5p^), 

where 0(/) is the Segal field operator. The Nelson Ham,iltonian with UV cutoff p is given 

by 

(1.4) H{p)=K<^l + l®dT{uj) + ^p{X), 
acting on the Hilbert space: 

Set also 

which is selfadjoint on its natural domain. Moreover assume hypotheses (E) and (B). 
Then H is selfadjoint and bounded below on D{Hq). 

2 Removal of the UV cutoff 

2.1 Nelson Hamiltonians with constant coefficients 

In |Ne| Nelson considered the limit of H{p) for 

(2.1) a; = a;(D,) = (-A, + m2)5, rn>0, 

(2.2) K = -^Ax + WiX), 



when p tends to the Dirac mass 6, equivalently, the Fourier transform p to (27r) 



-3/2 



We quickly review the results in |Ne| . In the rest of this subsection we take the 
momentum representation for the field variables. Let ifstand be the constant coefficients 
Nelson model defined by H{p) with (12. ip and (12. 2p . Suppose m = and pA{k) = 1 for 
\k\ < A and f)\{k) = otherwise. We denote by H\ the Hamiltonian i/stand with p 
replaced by p\. Let 

(2.3) f{k)=uj{k) + \k\y2 
and 

(2.4) E^ = -\ I ^{kY\{uj{k) > a)fikr'\p^\{kfdk, 

where a > is arbitrary and x(a;(A;) > cr) is an IR cutoff function given by x(a;(A;) > 
a) = for a;(/c) < a and 1 for uili) > a. Define the dressing transformation by 

(2.5) Ua = e''^^'^''\ 
where 

(2.6) I3x{k) = -f{k)-\{uj{k) > aMkyh-^'^^'pAik). 

It is easy to see that Ua — t- Uoo strongly as A — ?> oo, where Uoo is given by Ua with p^ 
replaced by 1. Instead of H^, Nelson considers the dressing-transformed Hamiltonian: 

(2.7) Ha = UaHaUI 



Proposition 2.1 |Ne| There exists a hounded below self-adjoint operator H^ such that 
Ha — Ea converges to H^o as A ^ oo in the uniform resolvent sense, and Ha — Ea to 
U^HooUoo in the strong resolvent sense. 



Remark 2.2 Nelson |Ne] actually considered only the case of m > 0. It can be however 
extended to the case of m = 0. 

In this section we study the same problem for the Nelson model with variable coeffi- 
cients. 

2.2 Preparations 

In the constant coefficients Nelson model, the one-particle operator u is diagonalized using 
the Fourier transform. In the variable coefficients Nelson Hamiltonian we will use instead 
the pseudodifferential calculus to define operators and constants corresponding to ( 12. 4p . 
(12. Sp . ( 12. 6p and (12. 7p . In particular the renormalization constant Ea will be changed to a 
function E{X). 



We denote by ^^(M^) the space 

S%R^) = {/ e C°°(M3) I |9^/(x)| < C„, a e N^}. 
We will assume in addition to hypotheses (E) and (B) that 

(N) Ajk{X), a,k{x), c{x), m^{x) G S\R'). 
It is easy to see that h can be rewritten as 

jk 

where v G ^^(M^), and that c^^(x)a-'^(x) G 5'°(M'^). Changing notation, we will henceforth 
assume that 

jk 

where [ajfc](x) satisfies (B) and a-''^, v G ^^(M^). We refer the reader to Appendix [XI for 
the notation and for some background on pseudo differential calculus. It will be useful 
later to consider u = h^ as a pseudodifferential operator. Note first that 

for 

i<i,fc<3 
The symbol h{x,^) belongs to S{{C,)'^,g), for the standard metric 

g = dx' + (e)-Me^ 

and is elliptic in this class. By Lemma [A. II and Theorem I A. 3 j we know that if / G S'^(M), 
then the operator f{h) belongs to \l/'"((^)^^, (7). 

If the model is massive, then picking a function / G S'2 (M) equal to A2 in {A > m/2}, 
we see that u = f{h) G \l/™((^), (?). If the model is massless, we fix a > (a = 1 will do) 
and pick / G C°°{R) such that 



\-2 if |A| > 4^2, 
We set 



■' ^ ' ' o- if A < 0-2. 



^. = f{h). 

Again by Theorem IA.3I we know that u^ belongs to \l/"((,^),5f). In the massive case 
LO = f{h) will also be denoted by Wo-. Consider now the operator 

acting on L'^(M.^,dX) ® L'^(M.^,dx). Clearly T is selfadjoint on its natural domain and 
T> a. 



Lemma 2.3 Set 

Then T^^ belongs to *™(M-\G). 

Proof. By Lemma [A. 21 the metric G and weight M satisfy all the conditions in Subsect. 
[AH Clearly T G ^"(M,G). We pick a function / e ^"^(R) such that /(A) = A^^ in 
{A > a/2}. By Theorem lAjT"! = /(T) G ^"(M-i,G). □ 
Let us fix another cutoff function F(A > cr) G C°°(]R) with 

and set 

F(A<a) = 1-F(A>(t). 

Lemma 2.4 Set 

(5{X,x) = Px{x) = -T^^F{uj > a)u-^px = -T-^F{u > a)ua^'px. 

Then 

(1) /3gC°°(M6). 

(2) Let < a < 1. Then U!°'Px ^ L^(R^,dx) and there exists s > 3/2 such that 



|w"/^xlU2(R3,dx) < C'IIpI 



H- 



uniformly in X . 

(3) Lei a > 0. Then uj~°''VxPx ^ L^(R^,dx) and there exists s > 3/2 such that 

uniformly in X . 

(4) One has 

^~^Px + (Kq (g) 1 + 1 (g) u)(3x = u~^F(u < cr)px- 

Proof. The function px{x) is clearly C°° in (X, x), so (1) follows from the fact that T~^ 

_i 

and uja ^ F{uj > a) are pseudodifferential operators. 

We claim that there exists a symbol bx{x,C,) = b{X,x,C,) such that 

b{x,x,o e ^((e)-^/^dx2 + dx' + (e)-Me'), 

l3x = b^x'\x,D,)px. 



Let us prove our claim. Let i?(X, x, S,^) G S{M ^,G) be the (1,0) symbol of T ^. 
Applying LemmaOand ([Ooj) . we know that T~^ G *(^'°)(M~\ G). Setting w(X,x) = 



T ^pxi this yields 

w;(X, x) = (27r)-3 / eH^-=+-05(X, x, H, O^lC + H)p(e)dedS 

(2.9) = (27r)-3/e'(--^)-«i?(X,x,-e,Op(e)de 

for 

(2.10) 6x(x,0 = i?(^,^,-e,0- 
This implies that 

bxesm^^dx'+dx' + io^'de). 

Applying once again Theorem IA.3t we know that F{uj > a)ujcr^ G '^^^'^\{^)~2^g). By 
the composition property (lA.lip . we obtain our claim. 



(2) follows from (E^D, if we note that a;°F(a; > a)uJa'' G *^^'°H(0""ifi') and use 
the mapping property of pseudodifferential operators between Sobolev spaces recalled in 



(lA.lSp . (3) is proved similarly, using that 

Vxbx{x, D^)px = dxbx{x, D^)px - bx{x, D^)V^px- 
Finally (4) follows from the fact that {u — uJa)F{u > a) = 0. □ 

2.3 Dressing transformation 

Let p be a charge density as above. We set for k ^ 1 

p^(x) = k^p{kx), p^(x) = p%x - X), 
so that 

(2.11) lim p^ = q6x in H~'{M.^), V s > 3/2, 

where q = f^^ p{y)dy. This implies 

(2.12) IIPxII-H'"'=(m3) < C, uniformly in X, k, for all s > 3/2. 

We set 

H^ = H{pn, 

and as in |Ne] 

which is a unitary operator on "H. (Recall that f3x is defined in Lemma [2. 4p . 



Proposition 2.5 Set 

a^^{X)= -l.a(Vx/l), 

R'' = 2 E,,fc Vx,AAX)al{X) - af (X)A,,(X)Vx, 

+ E,,fe2af (X)A,fc(X)a^(X) - af (X)A,,(X)ar(X) - a,-(X)A,,(X)a^(X), 
y«(X) = -(p^|a;-iF(u; > a)T-^p\) + \{T-^p\\F'^{uj > (y)T~^p'k) 

Then 

jjK^KjjK* = X + dT{uj) + (f){uj-^F{uj < a)p^x) 

Proof. We recall some well-known identities 

(2.13) U^{dT{cu) + <P{Lo^'-p^,x))U^* = dr(a;) + 0(a;/3« +a;-V^) + Re(|/3^+a;-ip^|/3«). 

Note that the scalar product in the rhs is real valued, since p^, /3^ and u are real vectors 
and operators. Using once more that /3^ is real, we see that the operators 0(i/3^) for 
different X commute, which yields 



U^Dx^U''* = Dx^-<p(iVxJ1c 



^3 



Xll 



and hence 



U^KU^* = J2 [Dx, - 0(iVx/^)) A,,{X) (Dx, - 0(iVx,/3^)) + WiX). 

We expand the squares in the r.h.s. using the definition of a^(X) in the proposition. After 
rearranging the various terms, we obtain 

+2 E,,k ^x,A,,iX)atiX) - af (X)A,,(X)Vx, 

+ E,,k 2a]l^^A,,{X)at{X) - af (X)A,,(X)ar (X) - a«(X)A,,(X)a^(X) 

+ lE,kM^)i^xM^xJ^x)- 
This yields 
jjK^Kjj^* = K + dr(w) 

+2E,,fc Vx,A,fc(X)a^(X) - af (X)A,fc(X)Vx, 

+ E,,fc2af (X)A,fc(X)a«(X) -af (X)A,fc(X)ar(X) -a«(X)A,fc(X)a^(X) 

+0(a;-^p^ + (iro + w)/31) 

+ {^-h\ + ia;/31|/31) + \T.,uAAX)iyxM^xJ'k)- 

The sum of the second and third lines equals i?^. By Lemma 12.41 the fourth line equals 
(j){(jj~ "^ F [uj < a)px)- The fifth line equals V'^{X), using the definition of f3x- ^ 



2.4 Removal of the ultraviolet cutoff 

Set 

i<i,fc<3 i<i,fc<3 

and 

(2.14) E%X) = -i(27r)-^|(/io(X,0 + l)-^K{X,OiKiX,0 + ir'\p\'i^K~')dC 



Lemma 2.6 Then there exists a bounded continuous potential Vrcn such that 

lim V''{X)-E^{X) = Vr,n{X), 

K— >+00 

We will prove this lemma later. We are in the position to state the main theorem. 

Theorem 2.7 Assume hypotheses (E), (B), (N). Then the family of self adjoint operators 

H" - E''{X) 

converges in strong resolvent sense to a bounded below self adjoint operator H°° . 

Proof. By Prop. 12.81 below. U'^{H'^ — E'^{X))U'^* converges in norm resolvent sense to 
H°^ . Moreover by Lemma [2.41 (2), /3^ converges in i?(/C, /C (g> ()) when n — )■ oo, hence V^ 
converges strongly to some unitary operator f/°°. It follows that W^ converges in strong 
resolvent sense to 

Proof of Lemma 12.61 For simplicity we will assume that the model is massive 
(m > 0), which allows to remove the cutoffs E{u > a) in the various formulas. The 
massless case can be treated similarly. Recall that 

T^^p^x =bx(x,D^)p^x, 
(2.15) "" ^ ^ "" 

dxT Vx = dxbx{x, D^)p^x - bx{x, D^)d^p\, 

where bx{x, ^) is defined in (I2.10p . Plugging the second identity in (I2.15P into the formula 
giving V,^{X) we get 

ViX) = Vl'iX) + V^^iX), 

for 

V{^iX)= l\\bx{x,D,)p'^^r + lJ:^,A,,{X){dxM^^D,^)Px\^~'9x,bx{x,D,)p^x) 

-E,k^AX)idxM^^D,)Px\^~'bx{x,D,)d,^p-x), 
V^^X) = -(p^|a;-i6^(x,D,)pi) + '^j:.,A^k{X){bx{x,D,)d,^p'^^\u~'bxix,D,)d,^p-x). 
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We will use that 

p\^ q5x in H'CR^), Ms < -|, 

d^p\ -^ qdJx in //'(M^), Vs < -|, uniformly in X G M^ 

where we recall that q = f^3p{y)dy. Using that bx{x,^) G S{{0~^,g) and the mapping 
properties of pseudodifferential operators between Sobolev spaces, we obtain that 

lim V^^{X) = 1/~(X) exists uniformly for X e M^ 

and V^{X) is a bounded continuous function, whose exact expression is obtained by 
replacing px by q6x in the formula giving Vi{X). 

We now consider the potential V2{X), which will be seen to be logarithmically diver- 
gent when K — > oo. To extract its divergent part, we use symbolic calculus. We will use 
only the (1,0) quantization and omit the corresponding superscript. We first use Prop. 
IA.4l for the metric G defined in Lemma [2?3l Note that the 'Planck constant' for the metric 
Gis 

A(X,x,H,0=niin((S),(0). 

Applying Prop. IA.4t we obtain that the symbol bx{x,^) in (12. 9p equals 
.2 l7^ bx{x,0 = iKiX,0 + iho{x,0 + 1)^)"' + Sm~\9) 

The same argument for the metric g shows that uj~^ = d{x, D^) for 

(2.18) d{x, = (/io(x, + 1)'^ + sm-\ g). 

Combining ( 12X7]) and fl2:T8|) we get that 

u^^hx{x, D^) = cx{x, D^) + rx(x, D^), 

b*x{x, D.^)uj~^bx{x, D^) = dxix, D^) + sx(x, D.j), 



(2.19) 
where 



cx(x,0 = (/io(x,0 + l)-^(i^(X,0 + l)-\ 
(2.20) dx{x,0 = {ho{x,0 + irHK{X,0 + l)"^ 

rx{x,0 e Sm-^g). sx{x,0 e ^((0"',^), uniformly in X G R^ 



Setting 



%^iX) = -(p^|cx(a;,Z^.)Px) + ^ $^ A,fc(X)(a.^p^Mx(a;, /^.)9.,p^) 



2 

jk 
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(2.23) 



we see using again (I2.16P that 

(2.21) lim V^'^iX) - V^^iX) = 1/2°° (X) exists uniformly for X G M^ 

and is a bounded continuous function. The potential V2{X) can be explicitely evaluated. 
In fact 

(p^|cx(x,Z^^)p^) 
= (27r)-3 / e'(^-^)-«cx(x, OPxi^)pi^-'Odxd^ 
= (27r)-3Je'(^-^)-«cx(X,0)Px(a;)p(«^"^0da;de + O(fi:-i)log(K) 
= (27r)-3 / cxiX, \p\H^-'Od^ + 0{k-^) log(«:). 

Similarly 

= (27r)-3 / ei(--^)-59,p^(x)rfx(x, mup{t^-^i)(^xdi 
= (27r)-3/ei(--^Hpi(a;)rfx(a;,OOeA:P(«:-'Odxde 

The second term in the rhs has a finite limit when k — )■ 00. By the same argument as 
above, we have 

(27r)-3/e'(--^)-«p^(x)dx(x,0e.-6p(K-i0dxde 
(2.24) = (27r)-3 / e'(--^)-«p^(x)rfx(X, OOaPl'^-'Odxde + 0(«:-i log(«:)) 

= (27r)-3 / rf^(X, Oijik\p\\^^-'i)^^ + 0(«:-i log(K)). 
Using the definition of cx{x,S,) and dx{x,^) in (12. 20 p . we get that 

-cx(x, + 1 E,. A,fc(x)e,efcrfx(x, 
= -i(/zo(x,o + i)-^K(x,0(i^(x,o + 1)-2. 

Using the definition of E^{X) and fl2:22|) . (12:23|) and (12:2^1) it follows that 

lim l^a'^l^) - E''{X) exists uniformly for X G Ml 
This completes the proof of the lemma. □ 
Proposition 2.8 Let 

Then there exists a bounded below self adjoint operator H°° such that 
(1) W^ converges to H°° in norm resolvent sense; 
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(2) Di\H^\i) = D{H-^). 

Proof. The proof is analogous to the one in |Ne] . using Theorem IA.6I so we will only 
sketch it. The important point is the convergence of R'^ as quadratic form on D{\Hq\2) 
when K — )■ oo. The various terms in i?" are estimated with the help of Lemma [A. 5 1 applied 
to the coupling operator v'^ = Vxf^x- From Lemma [2.41 (3), we obtain that uj~"''Vx Px 
converges in B{IC,IC i}) when k — )■ oo. The only remaining point to consider is the 
fact that powers of the number operator A^ appear in Lemma IA.5I This is sufficient in 
the massive case since Hq dominates A^. In the massless case, we use the fact that /3^ = 
F[u} > (j/2)/3^. Therefore if we apply Lemma [A. 5 1 we can replace A^ by dr(]l[o-/2,+oo[(i^)); 
which is dominated by Hq. The rest of the proof is standard. □ 

A Background on pseudodifferential calculus 

In this section we recall various standard results on pseudodifferential calculus that will 
be needed in the sequel. It is convenient to use the language of the Weyl-Hormander 
calculus. 

A.l Symbol classes 

We start by recalling the definition of symbol classes and weights. Let g he a Riemannian 
metric on M'^, i.e. a map 

g:R''3X^gx, 

with values in positive definite quadratic forms on M.'^. If M : M"^ — ^]0, +oo[ is a strictly 
positive function called a weight, one denotes by S{M, g) the symbol class of functions in 
C°°(W^) such that 



\[{vi ■ Vx)a{X)\ < CkM{X) H \gx\ 



Vi)\^, 



i=l 



uniformly for X G M*^, Wi, . . . , w^ G M'^ and /c G N. The best constants C^ are seminorms 
on S{M,g). 

Usually d = 2n and one sets R'^ 3 X = (x, e M" x M". If 

(A.l) g^ = dx' + io-'de 

and M{X) = {^)"^, the symbol class S{M,g) is the usual symbol class 

For simplicity we will also denote by S'^(]R), p G M, the space 
(A.2) S^iR) = {/ \f^'\X)\ < Cu{XY^\ k G N}, 
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ie SP{R) = S{{Xy, (A)-2dA2). 

If one equips M^" with the usual symplectic form a, one can consider the dual metric 
Qx- Diagonalising gx in (linear) symplectic coordinates on M^", one can write 

and 

n 

g-Adx,dO = J2a^{X)dx^ + a',iX)d^l 

i=l 

One introduces also the two functions A(X), A{X) which are the best functions such that 

A(X) V <9x< MXfgx, 

equal to 

\{X) = mmai{X)ai{X), A{X) = maxa,{X)ai{X). 

i i 

The function \{X) plays the role of the Planck constant. 

One says that (? is a Hormander metric, if the following conditions are satisfied 

(1) uncertainty principle: A(X) > 1; 

(2) slowness: there exists C > such that 

(A.3) gy{X -Y)< C-' => {gy{-)/gx{-)f' < C- 

(3) temperateness: there exist C > 0, A^ G N such that 

(A.4) {9Y{-)l9x{-)t' <C{l + g^y{Y- X)f . 

One says that a weight M is admissible for g if there exist C > 0, A^ G N such that 

(A.5) my)/M(X)r < { c(/:;|(?:r)V" tr A-.y . E-. 

The metric g is geodesically temperate if g is temperate and if there exist C > and 
N en such that 

(A.6) {gy{.)/gx{-)f' < C(l + rf-(X, Y)f, 

where d'^ is the geodesic distance for the metric g'^. 

The metric g is strongly slow if there exists C > such that 

(A.7) g^X -Y)< C-'A{Yf ^ {gy{-)/gx{-)f' < C. 

Lemma A.l The metric dx"^ + (^)^^(i^^ and weight (^)" for a G M satisfy all the above 
conditions. 
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Proof. Most conditions are immediate, except the last two. To check (lA.6p . we note 
that d'^{X,Y) < \^ — rjl, from which (1A.6P follows. (1A.7|) follows from the fact that 
A{X) = (O.n 

Lemma A. 2 Assume that {gi, Mi), 2 = 1,2 are two metrics and weights on M^"' satisfying 
all the above conditions. Then {g, M) on R^" satisfy all the above conditions for n = 
Hi + 722 and 

gx{dx) = gxAdxi) + gx,{dx2), M{X) = Mi(Xi) + MslXa). 

A. 2 Pseudodifferential calculus 

To a symbol a G S'iM?"^)., one can associate the operator defined by 

(A.8) a-(x, D)u{x) = (27r)-" j e'(--^)-«a(^, i)u{y)dydi, 

called the Weyl quantization of a, which is well defined as a bounded operator from ^(M") 
into S"(M"). Let {g,M) be a metric and weight satisfying f [0|) . f[01) . f[01) . We set 



m-{M,g) = {a^ aeS{M,g)}. 
If a G iS'(M, g) then a^ sends ^(M'") into itself. Moreover as quadratic forms on S(J\ 



(a"Y = a™. 



One often uses also the (1,0) quantization defined by 

(A.9) a^'°(x, D)u{x) = (27r)-" f e'(""^)-«a(x, Ciu{y)dydi. 

One has with obvious notations 

(A.IO) ^"(M,^) = ¥^^^\M,g). 

Moreover 

(A.ll) ^*(Mi,(7) X ^*{M2,g) C ^*(MiM2,^), 

where # = w or (1, 0) and if a G iS'(Af, g) 

(A.12) a"(x,D^.) = ^^'^^(x,^^.), where a- 6 G 5(A/A-\^). 

Let now g be the standard metric defined in (lA.ip and iJ''(]R^) be the Sobolev space 
of order s G M. Then 

(A.13) ^*((er,^) C 5(i7^(M'^),i/*-P(R'^)), 

and the norm of a* in i?(if *(M''), if ''"^(M'^)) is controlled by a finite number of seminorms 
ofain5((0^^). 
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A. 3 Functional calculus for pseudodifFerential operators 

Assume that the weight M satisfies 

(A.14) M(X) < C(l + A(X))^, C > 0, A^ G N. 

A symbol a G 5'(M, g) is elliptic if 

(A.15) l + \a{X)\>C-^M{X). 

The following theorem is shown in |Bo[ Cor. 4.5 ] 

Theorem A. 3 Assume that {M,g) satisfy all the conditions in Suhsect. \A.1\ Assume 
moreover that M > 1, a & S{M,g) is real and elliptic, and a™ is essentially self adjoint 
on S{W). Then if f e Sp{R), the operator f{a^) belongs to m^{MP,g). 

The following result can easily be obtained. 

Proposition A. 4 Assume the hypotheses of Theorem \A.!^ Then 

/(a-)-/(arev[/w(MPA-\^), 

where the function X{X) is defined in Suhsect. \A.1\ 



Note that the same result holds for the (1,0) quantization, thanks to ( 1A.12J) . 



Proof, one first proves the result for /(A) = {\ — z) ^, z G C\M, which amounts 
to construct a so-called parametrix for a™ — z. From symbolic calculus it follows that 
if 6^(x,0 = («(a;,0 - -^)"^ then 6^(a^ - 2) - 1 G *"(A-\^). To extend the result 
to arbitrary functions one expresses f{a^) in terms of (a" — z)~^ using the well known 
functional calculus formula based on an almost analytic extension of / (see eg |DGl Prop. 
C.2.2]). D 

A. 4 Various estimates 

The following lemma is proved in (Al Lemma 3.3]. 

Lemma A. 5 For s G [0, 1] , and Vi G B(IC, /C ® f)), i = 1,2 we have 

1) \\{N + ly^ a{vi) (Ho + ly^W < \\uj^ vi\\BiK,icm, 

2) \\{Ho + l)-U*ivi){N + l)'^\\ < \\co-^vi\\BiJc,Km^ 

3) \\{N +l)~''a{vi)a{v2)iHo+iy^^'\\ < \\(^~^ vi\\B{jc,mh)\\^~^ '"2\\B{Jc,mt,)^ 

4) ||(iJo + l)^'a*(^i)a*(^'2)(A^+ 1)^^+11 < ||w^^ ^i||b(^,^®(,) ||w"^ t'2||B(^,^®f,). 

The following theorem follows from the KLMN theorem and |RSt Theorem VIII. 25]. 
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Theorem A. 6 Let Hq be a positive selfadjoint operator on a Hilbert space "H. Let for 
K, < oo, Bf^ be quadratic forms on D{Hq) such that 

1 
where a <\ uniformly in n and 5^ — ;■ B^o on D{Hq). 

Then 

1 

(1) there exists a selfadjoint operator H^, with D^H^) C D{Hq) and 

(H^ij,^) = B^iij,^) + (hIiIj^hI^), i, G D{E:) for «: < oo. 

(2) the resolvent [z — H^)'^ converges in norm to (z — Hoo)~^ ■ 

(3) e**''^" converges strongly to e**^°° when n -^ +oo. 
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